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Abstract. This paper is concerned with a biharmonic equation under the Navier boundary condition (-Pipe) : 

A^u = ui>-4^^, u > in f2 and u = Au = on dQ, where is a smooth bounded domain in R", n > 5, and 
e > 0. We study the asymptotic behavior of solutions of (-P-e) which are minimizing for the Sobolev quotient as 
e goes to zero. We show that such solutions concentrate around a point a;o G as e — > 0, moreover xq is a critical 
point of the Robin's function. Conversely, we show that for any nondegenerate critical point xo of the Robin's 
function, there exist solutions of (P-e) concentrating around a;o as £ — > 0. Finally we prove that, in contrast 
with what happened in the subcritical equation (-P-e), the supercritical problem (P+e) has no solutions which 
concentrate around a point of as e — > 0. 
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1 Introduction and Results 

In this paper, we are concerned with the following semilinear biharmonic equation under the 
Navier boundary condition 



A^n = u > in Q 

= n = on dVL, 



where is a smooth bounded domain in M", n > 5, e is a small positive parameter, and 
p+1 = 2n/(n — 4) is the critical Sobolev exponent of the embedding H'^{yL)f\HQ{yL) ^ LP^^(Q). 
When the biharmonic operator in (Pj^e) is replaced by the Laplacian operator, there are many 
works devoted to the study of the contrepart of (-P^e), see for example [1], [2], [5], [7], [11], [13], 
[14], [17], [18], [20], [21], [23] and the references therein. 

When e € (0,p), the mountain pass lemma proves the existence of solution to (P-e) for any 
domain When e = 0, the situation is more complex. Van Der Vorst showed in [24] that if is 
starshaped (Pq) has no solution whereas Ebobisse and Ould Ahmedou proved in [15] that (Pq) 
has a solution provided that some homology group of 0, is nontrivial. This topological condition 
is sufficient, but not necessary, as examples of contractible domains on which a solution exists 
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show [16]. 

In view of this qualitative change in the situation when e = 0, it is interesting to study the 
asymptotic behavior of the subcritical solution of [P-e) as e — 0. Chou and Geng [12] made 
the first study, when Q is a convex domain. The aim of the first result of this paper is to remove 
the convexity assumption on Q,. To state this result, we need to introduce some notation. 
Let us define on O the following Robin's function 

ip{x) = H{x,x), with H{x,y) = _\^_4 -G{x,y), for {x,y)enxn, 

\x y\ 



where G is the Green's function of A^, that is, 

yxen 



A^G(x, .) = Cndx in $7 

AG{x, .) = G{x, .) = on dn, 

where 6x denotes the Dirac mass at x and Cn = {n — 4){n — 2)|S'"~-'^|. 
Let 

n— 4 

SaAx) = ^° \ CO = [(n - 4)(n - 2)n{n + 2)]("-4)/8, A > 0, a € (1.1) 

(l + A^lx — ap) 2 

It is well known (see [19]) that 6a,x are the only solutions of 

A'^u = u^, u>OinM", with u e LP+\W) and Atx G ^^(M") 
and are also the only minimizers of the Sobolev inequality on the whole space, that is 

S = m^{\Au\l2(Mn)\u\~%r^ , s .t . Au G , u G , u ^ 0} . (1.2) 

We denote by P5a,A t^^e projection of the Sa^s on i7^(r2) n i^ol^)' defined by 
A^P6a,x = A^Sa,x in n and APSa,x = P5a,x = on dn. 

Let 

\\u\\ = (^J lA^l^j ^ , ue H^{n)nH^{ri) (1.3) 

(u, v)= [ AuAv, u,ve H^in) n H^{n) (1.4) 
Jn 

\u\q = \u\Li(n)- (1-5) 
Now we state the first result of this paper. 

Theorem 1.1 Assume that n > 6. Let {ug) be a solution of {P^), and assume that 

{H) \\Ue\^\Ue\~li_^ S as £ ^ 0, 
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where S is the best Sobolev constant in M" defined by (1.2). Then (up to a subsequence) there 
exist tte & O,, Xe > 0, as > and such that can be written as 

with — > 1, llugll — > 0, tte G O and X^dia^, dVt) — +oo as £ — > 0. 
In addition, converges to a critical point xq E of ip and we have 

lime||M£||i<x>(f2) = (cicl/c2)(p{xo), 

where n - r^"/^'*-^) f - („ _ av^"/^"-^) f Ml±|£p){i-W!i „^ „•„ 

wnere C\ — Cq (i+|a;|2)(n+4)/2 ; '-2 — "^Jt-o Jri (l+|a;p)"+l ""^ ''0 ** 

defined in (1.1). 

Remark 1.2 It is important to point out that in the Laplacian case (see [17]), the method 
of moving planes has been used to show that blowup points are away from the boundary of 
domain. The process is standard if domains are convex. For nonconvex regions, the method of 
moving planes still works in the Laplacian case through the applications of Kelvin transformations 
[17]. For (-P-e), the method of moving planes also works for convex domains [12]. However, 
for nonconvex domains, a Kelvin transformation does not work for (P-e) because the Navier 
boundary condition is not invariant under the Kelvin transformation of biharmonic operator. 
Our method here is essential in overcoming the difficulty arising from the nonhomogeneity of 
Navier boundary condition under the Kelvin transformation. 

Our next result provides a kind of converse to Theorem 1.1. 

Theorem 1.3 Assume that n > 6, and xq £ 0, is a nondegenerate critical point of (p. Then 
there exists an Eq > such that for each e G (0, eo], (-P-e) has a solution of the form 

Ue = OLePSa^^X, + 

with 1, WveW ^ 0, ag ^ xq and Xsd{a£, dQ) — >■ +oo as £ — >■ 0. 

In view of the above results, a natural question arises: are equivalent results true for slightly 
supercritical exponent? 

The aim of the next result is to answer this question. 

Theorem 1.4 Let O, be any smooth bounded domain in M", n > 5. Then (P+e) has no solution 
Ue of the form 

Ue = aeP6a,,X,+Ve 

with \\ve\\ ^ 0, as ^ 1, tte & ^ and Xed{ae, dQ) — >■ +oo as £ — > 0. 

The proofs of our results are based on the same framework and methods of [22], [23] and [7]. 
The next section will be devoted to prove Theorem 1.1, while Theorems 1.3 and 1.4 are proved 
in sections 3 and 4 respectively. 
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2 Proof of Theorem 1.1 

Before starting the proof of Theorem 1.1, we need some prehminary results 

Proposition 2.1 [10] Let a G O and A > such that Xd{a,dn) is large enough. For d(a,\) 
^(a,\) ~ P^{a,\) J have the following estimates 

{a) < < ^{a,A), {b) e^a,X) = CO^fe^ + f{a,X), 

A 2 



where f\a,\) satisfies 



1 \ , df(^a,\) 1 \ 1 5/(a,A) 



^X^d^'^J' " dX ^VAtrfn-V A da ^\x^d^-^ 
where d is the distance d{a,d^l), 



(Ad)— A 5a i:Tr=^ '(Ad) — 
Proposition 2.2 Lei tig 6e a solution of {P-e) which satisfies {H). Then, we have 



(a) {h) y" ^ 5"/^ 



Proof. Since is a solution of (-P-e), then we have HuelP = / v^^^ ^- Thus, using the 
assumption (iJ), we derive that 

\\Ue\V\Ue\-l^_, = \W\\ f+l- =5 + o(l). 

Therefore \ \ue\f = J uV'^'^ = 5"/^ + o(l). The result follows. □ 

Proposition 2.3 Xei be a solution of (P-e) which satisfies {H), and let G O such that 

Ue{xe) = \ue\L°° '■= -^e- Then, for £ small, we have 

(a) M,- = 1 + 0(1). 

(6) Ue can he written as 

= P5^^;x. + Ve, 

with \\ve\\ ^ 0, where X, = cl'^^-""^ M^^-^-'^'\ 

Proof. First of all, wc prove that +00 as e ^ 0. To this end, arguing by contradiction, 

we suppose that M^^ remains bounded for a sequence e„ ^ as n — > +00. Then, in view of 
elliptic regularity theory, we can extract a subsequence, still denoted by u^^-, which converges 
uniformly to a limit Ug- By Proposition 2.2, uq 7^ 0, hence by taking limit in [H) we find that 
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uq achieves a best Sobolev constant S, a contradiction to the fact that S is never achieved on a 

bounded domain [25]. 

Now we define the rescaled functions 

= M-W {x, + M(i+--f)/^y) , yen, = M^-^-'y\Q - x,), (2.1) 

u)e satisfies 

A^cjg = ujI~^, < We < 1 in , . 

^^(O) = 1, Aw£ = (j£ = on d^e- 

Following the same argument as in Lemma 2.3 [8], we have 

M^P-^-^y^d{xe, dVL) ^ +00 as e ^ 0. 

Then it follows from standard elliptic theory that there exists a positive function uj such that 
(after passing to a subsequence) ^ w in Cf^^(^^), and uj satisfies 

A^tj = LoP, < w < 1 in M** 



"A.. (») = = zw=W. = (2.3) 



u;(0) = 1, Va;(0) = 0. 
It follows from [19] that u writes as 

t^(y) = <^o,a„(y), with a„ = Co^^^~" 
Observe that, for y = M^~^~^^^'^{x — x^), we have 

{n-4:)/2 

(l + alM^-'-'^^^\x - x,\^) 
with Ae = a„Mi^"^"^^/^. Then, 

we{y) - So,aJy) = Mr' (ue(x) - Ml(-'y\^ ~^^) 

Let us define 

ul{x) = u,{x)-M<-^y'P6^^-^^{x), 

we need to compute 



On one hand, we have 



= / u,ix, + M(i+^-f)/4y)(5("+/)/("-') {x, + M^'+'-Py^y)M^<'+'-Py^dy 

= / M<--'y'wMsi'::y^''-'\y)dy 

J 

Jb{o,r) Jne\B{o,R) 
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where i? is a large positive constant such that J^n\^B{Q R) *^o'ai" ~ ^(l)- 
Since 

Jn^ Jci 
using Holder's inequality we derive that 

f ;-(n+4)/(n-4) ^-.^ 

Jn£\B(0,i?) 

Now, since — > (5o,a„ in C'joc(^")' obtain 

{u,,P6^^-,J = Ml(-^y\S-/' + o{l)). 
On the other hand, one can easy verify that 

n.,0\\' = s''/' + o{i). 

Thus 

\\ul\\^ = \\u,\\'^- M|("-^)/^(5"/^ + o(l)), (2.4) 
and, using the fact that \\ul\\^ > and Proposition 2.2, we derive that 

^£(n-4)/4 < 1 ^ 

But, since —>■ oo, we have iW^ > 1 and therefore claim (a) follows. 

Now we are going to prove claim (6). Observe that, using Proposition 2.2 and claim (a), (2.4) 
becomes 

\\ul\f = (5"/^ + o(l)) - (5"/^ + o(l)) = o(l) . 
Thus claim (6) follows. □ 

Proposition 2.4 Let he a solution of {P^) which satisfies (H). Then, there exist G 
> 0, Xe > and such that 

Us = OieP5a,,X, + 

with — >■ 1, |a£ — a:;^! — >■ 0, \ed{ae,dQ) — > oo, \s/\e — >■ 1 and \\vs\\ — > 0. Furthermore, 
satisfies 

(Vo) iv,PSa,,xJ = {v,dP5a^,xJdX,) = 0, iv,dPSa,,xJda) = 0. 

Proof. By Proposition 2.3, can be written as = PS^^ x^'^^e '^^^'^ I l^el I A£(i(a;£, 9J7) — 
oo as £ — ^ 0. Thus, the following minimization problem 

minjll-Ue — aPSa^xWiC^ > 0, a G A > 0} 



has a unique solution (a^, Ug, Xg). Then, for Ve = Ug — aePSa^^x^, we have Ve satisfies (Vb). Prom 
the two forms of Ug, one can easy verify that 

\\PS.^X-P^-s,Xs\\ = o{l). 

Therefore, we derive that 1% — x^l = o(l) and Ag/Ag = 1 + o(l)). The result follows. □ 

Next, we state a result which its proof is similar to the proof of Lemma 2.3 of [7], so we will 
omit it. 
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Lemma 2.5 = 1 + o(l) as e goes to zero implies that 

- ^^^^^ = O {eLog{l + \j\x - ae\^)) in n. 

We are now able to study the Vg-part of solution of (P-s). 

Proposition 2.6 Let (ue) be a solution of {P-e) which satisfies (if). Then occuring in 
Proposition 2.4 satisfies 

where C is a positive constant independent of e. 

Proof. Multiplying {P-e) by and integrating on $7, we obtain 



/ Au,.Av, - [ uP-'v, = 0. 



Thus 



Using Lemma 2.5, we find 

Qe{Ve,V,) - f,{v,) + 0{\\v,f) = 0, (2.5) 

with 



and 



We observe that 



Q,{v,v) = \\vf -{p-e)j (Q,P5,)f-i-V 
f,{v) = j {a,P5,f-'v. 



Qe{v,v) = \\v\\'' -p [ {a,P6, f-^-%^ + 0{e\\vf) 
Jn 

-paT'-^ [ {Sr'-' + 0{Sr'-'9,))v' + o{\\vf) 



= \\vy' 



p~l—£ p 



^ex^(«-4)/2 



jr'kP 1 +oi\\v\ 



Using Lemma 2.5 and the fact that — >■ 1, we find 

Qe{v, V) = Qo{v, v)+o{\\v\ f) , 
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with 

Qo{v,v) = \\v\\^-p [ 
Jn 

According to [6], Qo is coercive, that is, there exists some constant c > independent of e, for 
£ small enough, such that 

Qo{v,v)>c\\v\f Vi;G£;(„,,A.), (2.6) 

where 

^{ae,Ae) = e E/v satisfies (Vb)}, (2.7) 

(Vq) is the condition defined in Proposition 2.4. 
We also observe that 

feiv)=aP-' [ {6r' + 0{Sr'-'ee))v 

JQ 

jjlv + o[ej^ Log{l + X',\x - ae\^)dP\v\ + ^ SP-'-'0e\v\^ 
The last equality follows from Lemma 2.5. Therefore we can write, with B = B{as,de) 

Mv) < c (e\\v\\ + / SP-^-'ee\v\ + / 5P\v\) 
\ Jb Jr"\b / 



< c\\v\\ ye + \0s\l° 

We notice that 



n+4 ^ „ s n+4 N 

2n 



and 



JB J \Jr^\B J 



n+4 

Thus we obtain 

l/^WI ^ ^ll^ll + (a;^( " < + if - ^ 12)) (2-10) 

Combining (2.5), (2.6) and (2.10), we obtain the desired estimate. □ 
Next we prove the following crucial result : 
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Proposition 2.7 For = a^PSa^^x^ + Ve solution of (P-e) with = 1 + o(l) as e goes to 
zero, we have the following estimate 

(«) + 0(s ) - ci^^ + o ( p;;^ J = 0. 

and for n > Q, we also have 

c QH / 1 \ 

where ci, C2 are the constants defined in Theorem 1.1, and where C3 is a positive constant. 

Proof. We start by giving tlie proof of Claim (a). Multiplying the equation {P-e) by 
\e{dP5e)/{d\e) and integrating on Vt, we obtain 

dP5e r dP5, 



a, 



+0 {Sr'-'\vef + |t;enX5.<|..|)] A,^. (2.11) 
We estimate each term of the right-hand side in (2.11). First, using Proposition 2.1, we have 

with B = B{as,ds). Expanding H{ae, ■) around and using Proposition 2.1, we obtain 

Therefore, estimating the integral, we obtain 

f dP5, n-4 H{a,,a,) ( 1 \ 

^ _ 2n/(n-4) r da; 
wiin ci — Cq jg„ (l+|a;|2)("+4)/2 ' 

Secondly, we compute 



j^{ps,)p-^x,^ = ^ [^r^ - (p - £)<5r'-^^e + o {e!sr'-' + ^r^] a^- 



dX 
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and wc have to estimate each term of the right hand-side of (2.13). 
Using the fact that = (iT^^jf^^^) derive that 



1 — \x\ 



Ar 

n — 4 



£(n-4) 



:dx + 



(l + |^|2)n--V- 1 + |X|^"" ■ - \{X,de)^-<n-4) 



2a: 



£(n-4)/2 



(-C2£ + 0(£2)) + o (j^-rr-^^] 



(2.14) 



„Hth - ■n-^r^^ r Wi±N!) N!i:1wt ^ n 
witn C2 - — Cq (i+ix-l^)" l^p+T"^ > ^■ 

For the other terms in (2.13), using Proposition 2.1, we have 



Jb ' 'dx -J, 



n - 4 



A. 



+ A2|x-ae|2 



/ \ ("-4) 



«+!-£ 

'^0 



n — 4ff(a£,ae) 1 

Ar' ;,|(n-4)/2 J^^^^^^^ ^ |x|2)^--^ 

w - 4 H{as,ae) 1 
2 Ar' A^("-4)/2 + ^ 



(Ae4 



in-4 



+ 



+ 



+ 



1 



1 



(Ae 



^n-2 



(Ae4 



\n-2 



(2.15) 



and 



Co 



cq{p - e) H{ae,a. 



(n- 4)(1 - |xp) 



- 1-4 -171-4 

xl ^ 



o 



B{o,x,d,) 2(1 + |xP)^-^^ \i><ed, 



\n-2 



n — 4 ci H{a£,ae 

2 A^("-4)/2 Ae"' 



+ 



(A.4 



in-4 



+ 



(A. 



^n-2 



(2.13), (2.14), (2.15) and additional integral estimates of the same type provide us with the 
expansion 



/ {Pd.y-'x, 



dP6e _ n-A 
dX ~2A?^^^^ 

+0 



-C2£ + 0(£2) +2ci 



H{ae,ae 



Ar' 



(2.16) 



(Ae4) 
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We note that 

dX 



n— 4 

£7 



Using (2.8) and (2.9), we derive that 

+ (ifn<12)0 

We also have, using Lemma 2.5 

= O {^^J^Logil + A^lx - a,f)SP\v,\^ = 0{e\\ve\\). 
Noticing that, in addition, A^^^ = 0{Se) and 

/ Sr'-'\v,\' = 0{\\v,\\''), [ Ivor's, = 0{\\v,\\P+'-'). (2.19) 

Jn J5<\Ve\ 

(2.12), (2.16),..., (2.19), Proposition 2.6, Lemma 2.5 and the fact that A| = l + 0{eLogXe) prove 
claim (a) of our Proposition. 

Now, since the proof of Claim (b) is similar to that of Claim (a), we only point out some 
necessary changes in the proof. We multiply the equation {P-e) by {l/Xe){dP5e/da) and we 
integrate on J7, thus we obtain a similar equation as (2.11). As (2.12), we have 

Jn ' X da Jb ' X da a^""')/' Jb ' da^^'y (A,4)"-i ) 

^%e,a,) + o( ^^ }\ . (2.20) 



2Ar^ da^ " V(As4)"-^ 
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Now, to obtain the similar result as (2.16), we need to estimate the following quantities 



CO dH 1 df 



^(n-2)/2 X da 

dH 



dH 

-{a„ae){ci + 0{e)) +0 



These estimates imply that 



1 



+ (i/n = 6)0 



Now, it remains to prove the similar result as (2.17). Using the same arguments, we obtain 



/ 



The proof of claim (b) follows. □ 
We are now able to prove Theorem 1.1. 

Proof of Theorem 1.1 Let (tt^) be a solution of {P-e) which satisfies (if). Then, using 
Proposition 2.4, Ue = aePSa^^x^ + Ve with ae — 1, Xed{ae,d^) — oo, Ve satisfies (Vb) and 
llfell 0. By Propositions 2.3 and 2.4, we have Af — 1. Now, using claim (a) of Proposition 
2.7, we derive that 

Now claim (b) implies that 

|J(a.a.) = o(^). (2.24) 

Using (2.24) and the fact that for a near the boundary dH/da{a^,a^) ~ cd^~"'{a, 80,), we derive 
that Oe is away from the boundary and it converges to a critical point xq of (p. 
Finally, using (2.23), we obtain 

^ ^<^(xo) as £ ^ 0. 

C2 
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Thus in order to complete the proof of our theorem, it only remains to show that 

Me := \\ue\\Loo ~ coA^"-'')/^ as £ ^ 0. (2.25) 

Using Propositions 2.3 and 2.4, we derive that cl\\ue\\]^i\l'-^ 1. Hence (2.25) follows. This 
concludes the proof of Theorem 1.1. □ 



3 Proof of Theorem 1.3 

Let xq be a nondcgenerate critical point of (p. It is easy to see that d{a,dQ) > do > for a near 
Xq. We will take a function u = Q!-P5(a,A) + ^ where (q — Uq) is very small, A is large enough, 
ll^ll is very small, a is close to xq and ao = S~^/^ and we will prove that we can choose the 
variables (a, A, a, v) so that n is a critical point of J^, where 




-2/{p+l-e) 



is the functional corresponding to problem (-P-e). 
Let 

Me = {(a, A, a, v) G X M:^ X X E/ \a - q;o| < vq, da > do, A > 

eLogX < uq, \\v\\ < uq and v G a)}, 

where uq and do are two suitable positive constants and where da = d{a, d^l). 
Let us define the functional 



K,:M,^ R, K,{a, a, A, v) = J,{aP6^a,X) + ^^)- 

Notice that (a. A, a, v) is a critical point of if and only if n = 0'P5(^a,X) + v is a critical point 
of Jg on E. So this fact allows us to look for critical points of by successive optimizations 
with respect to the different parameters on M,.- 

First, arguing as in Proposition 4 of [22] and using computations performed in the previous 
sections, we observe that the following problem 

mm{Je{aPSi^a,x) +v), v e E^a,\) and ||u|| < i^o} 

is achieved by a unique function v which satisfies the estimate of Proposition 2.6. This implies 
that there exist A, B and Cj's such that 

dK d ^ d 

-^{a,X,a,v) = VMaP5^a,x) +v) = AP5^a,x) + B-^P6^a,x) +T.Q—PS^a,x), (3-1) 

1=1 

where Oj is the i*'* component of a. 

Now, we need to estimate the constants A, B, and Cj's. For this purpose, we take the scalar 
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product ofVJe{aP6(^a,\)+v) with P5(a,A), {dP6(^a,x))/{dX) and {dP5(a,\))/{dai) with i = 1, ...,n. 
Thus, we get a quasi-diagonal system whose coefficients are given by 



l|i''5(a,A)lP = Cl+0(^), 



0( 



\n-A ' 



^ PA 



-P5<. 



where Cj's are positive constants and 5ij is the Kronecker symbol. 

The other hand-side is given by Je{oiP5(^g_X) where -0 = P5(^g^X), {dP5(^g_X)) li'^^)^ 

{dPS{a,\))/{dai) with i = l,...,n. 
Observe that, for u = cePS(^a,\) + ^) 



Expanding J^, we obtain 

Je{aP5^a,x) +v)=S + o(^e + sLogX + . 



(3.2) 



Now, using (2.10), (2.12), (2.16), (2.18), (2.20), (2.21), (2.22) and Proposition 2.6, we derive 
that, after taking the following change of variable: a = oq + P, 



{VJe{u), PS) = 0[ sLogX + + 



1 



A' 



n— 4 



{VUu),dP5/dX) = 0[j + j^ 



n— 3 



{VJeiu),dPS/daj) = O (^Xe^ + , for each j = 1, ...,n. 



The solution of the system in A, B, and Q's shows that 



A = 0{ eLogX + \P\ + 



Xn-4 



B = OiXe + 



1 



n— 5 



a- = o I ^ + ^ 



A A^ 



n-2 



Now, to find critical points of i^e, we have to solve the following system 

da 



{E 



da \ dv 



I (dK dv 



' da) 
dv \ 
' dx) 








,n. 



^ daj + \av^ daj) - ^'^^ J - ' 

Taking the derivatives, with respect to the different parameters on M^, of the following equalities 
(Fo) {v,P6a,,x,) = {v,dP6a,,xJdXi) = 0, {v,dP6a,,xJdai) = for z = 1, ...,n 
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and using (3.1), we see that system (Ei) is equivalent to 



(^2) 



da 







=B +Er=i C^ {S^,v) , for each j = l,...,n. 

The same computation as in the proof of Proposition 2.6 shows that 



da 



{VJeiaP6 + v),Pd) 



2J,{u) l^aS^/' (1 - aP-'S^/^^-^^) + O (^eLogX + . 



Furthermore, using the estimates provided in the proof of claim (a) of Proposition 2.7, we derive 
that 

= {n- 4)Mu) (aci:^^ (l - 2a^'-^S-/("-^)) + csS^a^'e 
+o(e^LogX+'-^+ ' 



Xn-4 ;>^n-2 

Following also the proof of claim (b) of Proposition 2.7, we obtain, for each j = 1, n. 



VJeiaPd + v), 



dPd 
da-i 



COL 



dH 



(a, a) (1 - 2a-^5-/(«-)) + O [xs^ + £^ + ^ + (if n = 6) ^ 



A"-4 da 

On the other hand, one can easy verify that 



'-)i'S^"-<^^'- <-) 



Now, we take the following change of variables: 



/C2 



V Cl \H{xq,Xq) 



Then, using estimates (3.3), Proposition 2.6 and the fact that xq is a nondegenerate critical 
point of if, the system (£'2) becomes 



(£^3) 



'(3 =0{e\Loge\ + W) 

p =0(£2/(n-4) + |^|2 + |^|2+^2) 

=0 (£V(n-4) + |^|2 + |^|2 + p2 + (if „ ^ Q^^l/2^^ 
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Thus Brewer's fixed point theorem shows that the system (£^3) has a solution {P^,p^,^^) for e 
small enough such that 

= 0{e\Loge\), p" = 0(£2/("-4) + (if „ = Q)e^/^), f = 0(£2/("-4) + (if n = Q)e^l^). 
By construction, the corresponding Ue is a critical point of Je that is We = Je{ue)'^^^Ue satisfies 

A'^We = \Wef^^''~'^^'^We in O, We = AWe = On 50. (3.4) 

with \w~\j^2n/(n-4)^fi^ vcvj Small, where w~ = max(0, — tt;^). 

As in Propostion 4.1 of [9], we prove that w" = 0. Thus, since We is a non-negative function 
which satisfies (3.4), the strong maximum principle ensures that We > on Q and then Ue is a 
solution of (-P-e), which blows-up at as e goes to zero. This ends the proof of Theorem 1.3. 

4 Proof of Theorem 1.4 

First of all, wc can easily show that for Ue satisfying the assumption of the theorem, there is a 
unique way to choose a^, Xe and Ve such that 

Ue = aePSa^X, + Ve (4.1) 

with 

' Qfe G M, ae^ 1 
< Qeen, XeeRX, Xed{ae,dn) ^ +00 (4.2) 
^ Ve^Q in := n (O), Ve G Ea,,x, 

and for any (a. A) G O x W^, £'(a,A) denotes the subspace of E defined by (2.7). 

In the following, wc always assume that u^, satisfying the assumption of Theorem 1.4, is written 
as in (4.1). To simplify the notations, we set 6a-,\^ = Se, PSa^^x^ = P5e and ^ae.Ae = ^e- 
Now we are going to estimate the Ve occurring in (4.1). 

Lemma 4.1 Let Ue satisfying the assumption of Theorem 1.4- Then we have 

(i) I \Aue\^ ^ -S"/^ ; (^^) ! nf+^+^ ^ S"/^ 

as £ ^ 0, S denoting the Sobolev constant defined by (1.2). 
Proof. We have 

/ |An,p= / \A{aePSe + Ve)\'' 

Jn Jn 

= al \AP6e\'^+ / \Avef since Ve e Ea„x,. 

Prom the fact that Se satisfies A^^^ = Se in M" and is a minimizer for S, we deduce that 

/ \ASe\'^ = 
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On the other hand, an exphcit computation provides us with 

Using Proposition 2.1, claim (i) is a consequence of (4.2). Claim (ii) follows from the fact that 
Us solves (-P+e). □ 

Lemma 4.2 Let satisfying the assumption of Theorem 1.4- Then occuring in (4.1) satis- 
fies 

XI ^1 ase^O. 
Proof. According to Lemma 4.1, we have 

[ uP+^+^ = S""/"^ + o{l) ase^O (4.3) 

and 

Jci Jci Jq 

= a?+"+i / PSP+'+^+ [ A\sVs + o( [ P5P+'\ve\+ [ \vs\P^'Pds] 
Jn Jn \Jn Jn J 

f / e(n-4) r e(n-4) f \ 

= aP+'+^ / PSP+'+^ + O Ae ^ / PdP\Ve\ +Xe ^ \Ve \P+' PS}'^ + \\Vs\\ 

Jn \ Jn Jn J 

= aP+^+^ j P5P+^+^ + O (a|("-4)/2|^;,U.+i + A|("-4)/2|^;,|^||, + ||^;,||) . 



Thus 



We observe that 



j = a?+^+i j PSP+'+^ + a (a|("-^)/2 + _ (4 4^ 



/ PdP+^+' = f {5s- ^,)f+^+^ = / 6P+^+' + o( f dP+'Os] 
Jci Jci Jci \Jci J 

r / \ \ n+£(n-4)/2 



+ X^\x — OeP^ 

(p+e)(n-4) sin-4) 

Xe \ ^ , A, ' 



In 

Using Proposition 2.1, we obtain 



l + A2|x-ae|V {XsdsY 



e(n-4) 



/" pxp+l+e _ J'+l+£\e(n-4)/2 /" ^ , ^ ( 

JCI ' ° ^ L (1 + |xP)n+-(n-4)/2 + ^ (A,4)n-4 
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We note that 

° knil + \x\^)n+ein-A)/2 ^0 (1 + |^|2)n + ^^^^ 



5^/4 + o{e). 



Therefore 



J = A^("-^)/2 (^5"/^ + 0(£) + o(l)) . (4.5) 

and (4.4) and (4.5) provide us with 

J uP+^+' = af+i+^A|("-^)/2 (5"/^ + o(l)) + o(l). (4.6) 
Combination of (4.3) and (4.6) proves the lemma. □ 

Next, as in Lemma 2.3 of [7], we can easily prove the following estimate : 
Lemma 4.3 = 1 + o(l) as e goes to zero implies that 

Sl{x) - c^A|("-^)/2 ^ Q (^sLog{l + Xi\x- a^l^)) in Q. 
We are now able to study the v^-part of u^. 

Lemma 4.4 Let satisfying the assumption of Theorem 1.4- Then occuring in (4.1) satis- 
fies 

f \v,\P+^+' = o{l) ase^O. 
Jn 

Proof. We observe that 

/ uP+'+'= [ {a,P6,r+^+' + [ \v,\P+'+' + O ( [ ia,P6,y+'\v,\ + [ \v,\P+'a,PsX 
Jn Jci Jn \Jn Jn J 

We are going to estimate each term of the right hand-side in the above equality. 

/ {a,P6,f+^+' = aP+^+' \ f dP+^+' + o( f ^P+'Oe 
Jn Uci \Jn 

= aP+^+' J dP+^+' + a (a^("-4)/2) 

r e(n-4) 

/ ia,PS,)P+'\v,\ < Xe ' \\Ve\\=o{l) 

Jci 

f \v,\P+'a,Pd, < xf^\\v,\\P+' = o(l) 
Jn 
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using Proposition 2.1, Holder inequality and Sobolev embedding theorem. From Lemma 4.1 we 
derive that 

+ o(l) = (1 + o(l)) / SP+^+'+ [ \v,\P+^+'. (4.7) 
Jn Jn 

As we have also 

r e(»-4) r f / e(»-4) \ 

Jn Jn Jn \ J 

from Lemma 4.3 we deduce that 

/ = Ar^cS (s^l^ - [ 6P+A +o(e I SP+^Log{l + Xl\x - a,f) 

Jn \ JR"\n J \ Jn 

= (1 + o(l))5"/^ + O ((A,4)-") + 0{e). (4.8) 
Combining (4.7) and (4.8), we obtain the desired result. □ 



Lemma 4.5 Let satisfying the assumption of Theorem 1.4- Then we have 

(i) We\lo.^n) = 0{l) (ii) \ve\lo.^n) = 0(1), 

where is defined in (4.1). 

Proof. We notice that Claim (ii) follows from Claim (i) and Lemma 4.2. Then we only need 
to show that Claim (i) is true. We define the rescaled functions 

ivsiy) = M-\e (xe + M^'-P-^y^) , yen, = (Q - x,), (4.9) 



where G is such that 

Me := Ue{Xe) = \Ue\L'^{n)- (4-10) 

ujr satisfies 



/\^LOe = < We < 1 in 17, 

^^(O) = 1, Aw = We = on (90 



(4.11) 



Following the same argument as in Lemma 2.3 [8], we have 

as £ — 0. 

Then it follows from standard elliptic theory that there exists a positive function oj such that 
(after passing to a subsequence) We — w in Cf^^iW^), and uj satisfies 

A^w = wP, < w < 1 in M" 
a;(0) = 1, Va;(0) = 0. 
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It follows from [19] that lo writes as 

^{y) = So,an{y), with an = Cq''^^""^ 

Therefore 

[ uP+^+^{x)dx= [ ujP+'^+^{y)dy^c>0 as e ^ 0. (4.12) 

We notice that, as in the proof of Lemma 4.2 

f <5sr(x)dx+o(i) 



= af+i+^A. ^ / y ^-3^+o(l). (4.13) 

JBix.,^?^) {l + \y- \,{a, - x,)|2)-+^ 

Combining (4.12), (4.13) and Lemma 4.2, we obtain 

Me 4 / ^ y ^^c>0 ase^O. (4.14) 

7s(o,A.Mr^) (1 + |y - Xe{ae - a;e)P)"+^^ 

We have also 

[ uP+^{x)dx= [ uiP^^{y)dy^c>0 as e ^ 0. 

Consequently, we find in the same way as above 

dy 



en 



B{0,X,Mr^) + \y - ^e{a£ - Xe 



c> as £ ^ 0. (4.15) 



One of the two following cases occurs : 

Case 1. X^Me * 7^ as £ ^ 0. In this case, we can assume 



A^Ms * > ci > 0, as £ ^ 0. (4.16) 
The claim follows from (4.16) and Lemma 4.2. 

l—p—E 

Case 2. A^Me " ^ as £ ^ 0. Now we distinguish two subcases: 

Case 2.1. Xe\ae — x^l 7^ +00, as £ — 0. We can assume that A^lag — x^l remains bounded 
when £ — 0. Thus, using (4.15) we obtain 

en / 1-p-e \ " 

AeMe ^ ^c'>0 as£^0. 
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which imphes 

X^M^Kn-i) ^ > as £ ^ 0. 

Using Lemma 4.2, we derive a contradiction : this subcase cannot happen. 
Case 2.2. \e\ae — Xe\ — +oo as e — 0. Using (4.14) and (4.15), we obtain 

-^C>Oase^O (4.17) 



(A,|a,-x,|)2'^+^("-^)M 

and 



n— 4 

e 



£ -2^^C>0 ase^O. (4.18) 

{\,\a,-x,\f^Mr' 
Prom (4.17) and (4.18), we deduce that 

M|(Ae|ae-Xe|)^^"~^^ ^ 1 as £ ^ (4.19) 

and we also derive a contradiction. Consequently Case 2 cannot occur, and the lemma is proved. 

□ 

Now, arguing as in the proof of Proposition 2.6, we can easily derive the following estimate 

Lemma 4.6 Let satisfying the assumption of Theorem 1.4- Then occuring in (4.1) satis- 
fies 

with C independent of e. 

Now, using the same method in the proof of Claim (a) of Proposition 2.7, we can easily obtain 

the following result : 

Proposition 4.7 Let satisfying the assumption of Theorem 1.4- Then there exist Ci > 
and C2 > such that 

where a^, Xe and = d{as,dQ) are given in (4.1). 
Wc arc now able to prove Theorem 1.4. 

Proof of Theorem 1.4 Arguing by contradiction, let us suppose that (-P+e) has a solution 
Us as stated in Theorem 1.4. From Proposition 4.7, we have 



20) 



with Ci > and C2 > 0. 

Two cases may occur : 

Case 1. c?£ — > as £ — > 0. Using (4.20) and the fact that H{ae-,as) ^ cd^~'^, we derive a 
contradiction. 

Case 2.de 7^ as £ — 0. We have H{ae-,ae) >c>Oas£— >-0 and (4.20) also leads to a 
contradiction. Thus our result follows. □ 
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